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Gemmer et al. in their Comment [1] make criticisms on
our Letter [2], while they agree that our result is math-
ematically sound. Their arguments are summarized as
(i) the Lieb-Robinson (LR) time τLR is too short and
“unphysical” for some examples, (ii) the average entropy
production 〈σ〉 becomes negative for some parameters,
and (iii) in our numerical simulation, the integral fluc-
tuation theorem (IFT) 〈e−σ〉 = 1 holds only while the
system remains in its initial state. Here we discuss that
(i) and (ii) are not justified, but that (iii) is indeed a
subtle point because of the large finite-size effect.
Reply to (i). We agree that the LR times of their ex-
amples (proteins in water and coffee in air) are very
short compared to their time scales (Brownian motion
and daily life). However, these situations are clearly not
relevant to our theory in [2], which is for isolated quan-
tum systems where the bath is initially in a pure state
(specifically in an energy eigenstate). In fact, the se-
tups discussed in [1] are far from isolated and pure. In
other words, in their setups the fluctuation theorem is
not emergent from quantum mechanics, but is simply a
consequence of the conventional scenario based on clas-
sical stochastic dynamics. Our result in [2] implies that
if air or water was initially in an energy eigenstate, then
the IFT would hold only within such a very short time
scale.
We emphasize that our main focus is on ideally-isolated
artificial quantum systems such as ultracold atoms, as
explicitly stated in [2]. In fact, the LR time is reasonably
long for ultracold atoms, compared to the time scale of
real experiments. For example, in a typical experiment
[3], the experimental time scale is ~/J and the LR time
is τLR ∼ l~/J , where J is the tunneling amplitude and l
is the side length of B1 in [2].
Reply to (ii). The reason why the authors of [1] ob-
served the negative entropy production for some param-
eters is that their choice of the initial eigenstate is not
thermal for such cases, as detailed below. We note that
our theory [2] states that the second law and the IFT
hold if the initial eigenstate is thermal.
In the hard-core boson model in [1, 2], the total Hilbert
space of bath B is divided into particle-number sectors,
labeled by N . An energy eigenstate is thermal only if
it is in a sector whose N is close to the average particle
number N∗ in the canonical ensemble, because the strong
eigenstate thermalization hypothesis (ETH) is valid only
within each particle number sector [4]. We note that the
FIG. 1: The N-dependence of δtr. The Hamiltonian and the
lattice are the same as in [1, 2]. The parameters are given
by ω = 1, 8,−50, g = 0.1, and β = 0.1. N∗
ω=1 and N
∗
ω=8
are the average particle numbers in the canonical ensemble
for ω = 1, 8, respectively. For each data point, 10 energy
eigenstates are sampled, and the error bar represents their
standard deviation. The red circle indicates the parameters
used in [1] (ω = −50 and N = 4).
weak ETH is true without dividing the energy shell to
particle-number sectors. Because N∗ ≃ 15.9 with ω =
−50 and β = 0.1, the choice of N = 4 in [1] is far from
N∗, which makes the initial eigenstate athermal.
To directly show this, we calculated the trace norm be-
tween the reduced density operators of an energy eigen-
state |Ei〉 and the corresponding canonical ensemble:
δtr := ‖trB2 [|Ei〉〈Ei|] − trB2 [ρˆB,can]‖1. Figure 1 shows
the N -dependence of δtr, where we take B1 as the 2 × 2
lower-left sites of bath B. As shown in Fig. 1, δtr takes
a smaller value when N is closer to N∗. For ω = −50
and N = 4 (red circle), δtr is large and |Ei〉 is not at all
thermal.
We have also confirmed that the entropy production is
positive for a broad range of parameters, as long as the
initial eigenstate is thermal. We calculated 〈σ〉 at t =
τLR for ω = ±1,±2,±4,±8,±16,±32,−50, β = 0.1, 0.3,
γ′ = 0.05, 0.1, 0.4, 1.0, 4.0, g = 0.1, 0.4, and N = 4. We
found that 0.0076 ≤ 〈σ〉 ≤ 1.84 if δtr < 0.3 (thermal),
while −8.86 ≤ 〈σ〉 ≤ 0.095 if δtr > 1.7 (athermal).
Reply to (iii). In [2], we concluded that the IFT non-
trivially holds in the short time regime based on the fact
that the quantitative error evaluation, scaling of ∝ t2, is
consistent with the prediction by the LR argument (the
inset of Fig. 3 in [2]). On the other hand, the authors of
[1] argued that this scaling is just a general property of
quantum systems.
After careful consideration with some additional nu-
merical simulation, we have to admit that it is hard
to conclude whether the t2-scaling comes from the LR
argument or not based on our numerical data, because
the finite-size effect is very large within the numerically-
accessible system size. We expect, however, that the IFT
can be verified more clearly by using ultracold atoms,
with which the system size can be much bigger than nu-
merics. We note that the time range where the IFT holds
will linearly increase with l. If one can take l ∼ 102, the
LR time becomes a hundred times of the experimental
time scale, which can be realized with the current or the
near-future technologies.
In addition, we remark that |γ′| should not be taken
too large to verify the IFT, because the larger |γ′| is, the
more the condition (8) in [2] is violated. In this respect,
the emphasis in [1] on the failure of the IFT for γ′ = 4 is
misleading.
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